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Abstract 

We analyze the structure and enumerate Dumont permutations of the first and 
second kinds avoiding certain patterns or sets of patterns of length 3 and 4. Some 
cardinalities are given by Catalan numbers, powers of 2, little Schroder numbers, and 
other known or related sequences. 

1 Preliminaries 
1.1 Patterns 

Let (J G &n and r G &k be two permutations. We say that a contains t, or r occurs in 
a, if a has a subsequence (^(ii), . . . ,a{ik)), 1 < ii < ■ ■ ■ < ik n, order-isomorphic to r. 
Such a subsequence is called an occurrence (or an instance) of r in a. In this context, the 
permutation r is called a pattern. We say that a avoids r, or a is r-avoiding, if r does not 
occur in a. 

Notation 1.1 We denote the set of permutations in 6„ avoiding a pattern r by ©„(r). If 
T is a set of patterns, then we denote the set of permutations in 6„ simultaneously avoiding 
all patterns in T by ©„(T). 

Permutations avoiding a 3- letter pattern were first considered in jB]. In jU], permutations 
and involutions avoiding each set T of 3-letter patterns were studied. Since then restricted 
permutations and forbidden patterns were the subject of many papers. One of the most 
frequently considered problems is the enumeration of G„('r) and (3„(T) for various patterns 
T and sets of patterns T. The inventory of cardinalities of |6„(T)| for T C 63 is given in [Hj, 
and a similar inventory for |Sn(Ti,T2)|, where Ti G ©3 and T2 G 64 is given in Some 
results on |©„(ri,r2)| for ti,T2 G ©4 are obtained in jT^]. The exact formula for |©„(1234)| 
and the generating function for |(3„(12 . . . k)\ are found in jl]. |©„(1342)| = |(3„(1423)| is 
obtained in P, and [HI [12] shows that |6„(3142)| = |6„(1342)|. For a survey of results on 
pattern avoidance, see [H]. 
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Example 1.2 

• |6„(r)| = Cn = :^^(^^)) the nth Catalan number, for any r G 63. 

• 16^(123,213)1 = |6„(132, 231)1 = 2"-i. 

• |6„,(123, 132, 213)1 = F„, the rath Fibonacci number. 

• 16^(3142,2413)1 = |6„(4132, 4231)| = |6„(2431, 4231)| = r„_i, the rath large Schrdder 
number [101 Sequence A006318], given by rg = 1, r„ = r„_i + X]j=o '^kfn-k- 

Another problem is finding (sets of) patterns Ti and T2 such that |6„(Ti)| = |6„(T2)| 
for any ra, > 0. Such (sets of) patterns are called Wilf- equivalent and said to belong to the 
same Wilf class. There are three symmetry operations on &k that map every pattern onto 
a Wilf-equivalent pattern: 

• reversal r: r(r)(z) = r(n + 1 — i), i.e. r(r) is r read right-to-left. 

• complement c: c(r)(i) = ra -|- 1 — T{i), i.e. c(r) is r read upside down. 

• r o c = CO r: r o c(r)(i) = ra -|- 1 — r(ra -|- 1 — i), i.e. r o c(r) is r read right-to-left upside 
down. 

The set of patterns {T,r{T),c{T),r{c{T))} is called the symmetry class of r. 



1.2 Dumont permutations 

Definition 1.3 A Dumont permutation of the first kind is a permutation tt G &2n of where 
each even entry is followed by a descent and each odd entry is followed by an ascent or ends 
the string. In other words, for every i = 1,2, . . . , 2n, 

7r{i) is even =^ i <2n and 7r(z) > Ti{i + 1), 
7r(i) is odd =^ n{i) < n{i -|- 1) or i = 2n. 

Definition 1.4 A Dumont permutation of the second kind is a permutation tt G &2n of 
where all entries at even positions are deficiencies and all entries at odd positions are fixed 
points or excedances. In other words, for every z = 1, 2, . . . , ra, 

7r(2i) < 2i, 
7r(2i + 1) > 7r(2i + 1). 

Notation 1.5 We denote the set of Dumont permutations of the first (resp. second) kind 
of length 2ra, by Dl^^ (resp. Din)- 

Example 1.6 ^1 = ^1 = {21}, Dl = {2143,3421,4213}, Dj = {2143,3142,4132}. 

Remark 1.7 Dumont permutations of odd length can be defined similarly to those of even 
length. Then Dl^+i or Dl^+i are obtained simply by adjoining 2ra. -|- 1 to the end of each 
permutation in Dl^ or D^n, respectively. Obviously, |2)2n+il — l-^Ll l-^L+il — l-^Ll- 
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Dumont showed that 



1 I _ 

2nl ~ 



T)2 



2n\ 



c 



2n+2 — 



2(1 - 22"+2)5; 



where G„ is the nth Genocchi number, a multiple of the Bernoulli number Bn- Lists of 
Dumont permutations and SD^n n < 4 as well as some basic information and references 
for Genocchi numbers and Dumont permutations may be obtained at jlO| A001469] and JH]. 
We only note that the exponential generating functions for the unsigned and signed Genocchi 
numbers are given by 



Throughout this paper we will use the following obvious properties of Dumont permuta- 
tions. 

Fact 1.8 /n any tt G S)2n> ^ cdways followed by 1, and 2n — 1 is followed by 2n or is final 
in TT. 

Fact 1.9 In any tt G Ti^^, 7r(2) = 1 and Tx{2n - 1) = 2n - 1 or 2n. 

We define Wilf-equivalence and Wilf classes on Dumont permutations in the same way as 
Wilf-equivalence on all permutations (and call it 2) ^-Wilf-equivalence or 2) ^-Wilf-equivalence 
according to the kind). Note that since reversal, complement, or reversal of complement of 
Dumont permutations are no longer Dumont permutations, it follows that permutations in 
the same symmetry class are not necessarily Wilf-equivalent on Dumont permutations. 

Remark 1.10 Sometimes slightly different permutations are defined as Dumont permuta- 
tions of either kind. Those will be useful later on, and we will describe them now. 

Permutations vr G ©2n in which each odd entry is followed by ascent and each even 
entry is followed by a descent or ends the string are obtained by applying the complement 
operation c to our Dumont permutations of the first kind, and we will call them Dumont-like 
permutations of the first kind and denote the set of these in (5„ by V\. 

Similarly, permutations vr G &2n with 7r(2z + 1) > 2z + 1 and 7r(2i) < 2i for all i are 
obtained by applying the operation roc = corto our Dumont permutations of the second 
kind, and we will call them Dumont-like permutations of the second kind and denote the set 
of these in (5„ by P^. 

1.3 Restricted Dumont permutations 

So far, there has been a single paper on restricted Dumont permutations, namely Mansour [7j. 
Most of it is devoted to the study of 132-avoiding Dumont permutations of the first kind (as 
there are no 132-avoiding Dumont permutations of the second kind other than 21 G 2)2) ■ 
Specifically, 132-avoiding Dumont permutations of the first kind which also avoid (contain 
exactly once) certain other patterns r are examined and enumerated. However, Dumont 
permutations avoiding other patterns are briefly examined as well. 
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Notation 1.11 We denote the set of permutations in Dj^ or S)^ avoiding a pattern r by 
D^ (r) or D^(r), respectively. If T is a set of patterns, then we denote the set of permutations 
in or 2)^ avoiding all patterns in T by Dn(T) or D^iT), respectively. We define 'P^(T) 
and V'^{T) (see Remark II. similarly. 

Remark 1.12 Note that Vl^{T) = c(S)^„(c(T))) and V^^{T) = ro c(S)^„(r o c(T))), so 
\1^LiT)\ = |2)L(c(T))| and |I?i„(T)| = |2)L(r o c(T))|. 

Theorem 1.13 (0 Theorems 2.2, 4.3]) |2)^„(132)| = |S)^„(231)| = |S)^„(312)| = |D2^(321)| 
C„. 5zmz/aW?/, |DL+i(132)| = |DL+i(231)| = |S)L+i(312)| = |DL+i(321)| = 

Another bit of notation will be useful before we proceed. 

Notation 1.14 Let vr' and vr" be subsequences of a permutation vr. We say that tt' > vr" if 
every entry of vr' is greater than every entry of vr". Also, for a permutation vr and an integer 
m, the string 7r + m = m + 7ris obtained by adding m to every entry of tt. We define m — tt 
similarly. 

All cardinalities may be obtained similarly by examining the recursive structure of re- 
stricted permutations. For example, it immediately follows from ^ Proposition 2.1] that a 
permutation in 2)2n(132) can be of two types: 

1. TT = (tt', 2n - 1, 2n, tt"), where tt' > tt" and tt" G 1)^^(132) and tt' -2k e S^„_2fc-2(132) 
for some 1 < k < n — 1. 

2. TT = {2n, tt', 2n-l), where tt' G S)^„_2(132). 

(All permutations are given as lists in the one-line notation unless otherwise indicated.) 

The fact that tt' > tt" follows from the fact that tt avoids 132. To see that tt" G D^^. (and 
not S)2fc_|_i) in the first case, note that the minimum element of tt' must be odd since it must 
be followed by an ascent. 

Other patterns mentioned in Theorem 11.131 are treated similarly. 

In this paper, we use the same approach to analyze and enumerate Dumont permutations 
of either kind avoiding certain patterns or pairs of patterns of length 3 or 4. We will show 
that symmetry operations on Dumont permutations do not necessarily produce a set of 
patterns in the same Wilf class, hence we will only consider certain cases in detail. We will 
see that the some cardinalities of sets avoiding a given set of patterns are given by Catalan 
numbers, powers of 2, little Schroder numbers s„ = r„/2, and other known sequences. 

We will frequently make use of Remark 11.121 especially when considering Dl^{T) for a 
set of patterns T = c(T), such as {3142,2413}, {1342,4213} or {1423,4132}, and 2)L(^) 
for a pattern or a set of patterns T = r o c(T), such as T = {3142}. 

2 Dumont permutations avoiding 3-letter patterns 

As we mentioned before. Theorem fTTl gives |S)^„(132)| = |S)^„(231)| = |S)^„(312)| = 

|s)L(32i)i = a. 



4 



Theorem 2.1 |Di„(213)| = Cn-\ forn> 1. 

Note that 213 = c(231) but |Di„(213)| ^ |D^„(231)| whereas 132 = c(312) and |D^„(132)| = 
|SL(312)|. 

Proof. From the observation in Fact 11.81 it foUows that a permutation vr G D\^{213) must 
end on 21. Clearly, D^(213) = {21} (and hence |S)^(213)| = 1 = Cq), so consider n>2. Let 
7r(l) = j. Then vr = {j, 111,712) for some permutations Hi > j > Then H2 = ('/r",2, 1), so 
j > 3. Since j is the minimal entry of (j, tti), it follows that j must be odd, i.e. j = 2k + 1 
for some k > 1. Since {2k + l,vri) > 7r2 and {2k + l,7ri) starts with 2k + 1, it follows 
that {2k + l,7ri) ends with 2k + 2. Let {2k + l,7ri) = {2k + l,7r',2A; + 2), then the last 
letter of n' is even, so n' — {2k + 2) G T'2n-2fc-2(213), in other words, c(7r' — {2k + 2)) = 
2n + 1 — vr' G 2!)2„_2fc_2(231). Similarly, n2 = (7r",2, 1), so the last letter of n" is even and 
hence vr" - 2 G ^2^-2 (213), i.e. c{7r" - 2) = 2k + 1 - tt" E D^^„2(231). 
Thus, the set 'Dl^{213) for n > 1 consists of all permutations 

Tt = {2k + 1, c(p') + 2A; + 2, 2A; + 2, c{p") + 2, 2, 1) 

for some A; = 1, 2, . . . , n — 1, and some p' G S}2n-2fc-2(231) and p' G S)2fc_2(231). Therefore, 
Theorem 11.131 implies that, for n>2, 

n-1 

12)^(213)1 = 5^ 

k=l 

Note that we could have done without the result of Theorem 11.131 and proved our result 
using the recurrence relation alone, but using Theorem 11.131 makes for a slight shortcut in 
our argument. □ 

Theorem 2.2 |S)2^(231)| = 2"-^ forn>l. 

Proof. Since vr avoids 231, if follows that for any entry j of vr, every element < j to the left 
of j must be lesser than every element < j to the right of j. From the observation in Fact 
01 we know that if vr G I)|„(231), then vr(2n - 1) = 2n or vr(2n — 1) = 2n — 1. We also have 
vr(2n) < 2n. Therefore, vr(2n — 1) = 2n implies vr(2?T,) = 2n — 1, and vr(2n — 1) = 2ra — 1 
implies vr(2n) = 2n — 2. In these two cases, the last two entries of vr cannot be part of any 
occurrence of 231. Thus, vr G 2)2„(231) if and only if either of the two cases hold: 

• vr = (vr', 2n, 2n - 1) for any vr' G 1)^-2(231) 

• vr = (vr', 2n — l,2n — 2) for any vr' G S}2„_2(231), where n' obtains by replacing 2n — 2 
with 2n in vr'. 

Therefore, |S)L(231)| = 2 ■ |D2^_2(231)| for n > 2, and |Di(231)| = 1, so |S)L(231)| = 2'^"^ 
for n > 1. □ 

This recursive description allows us to determine the cycle structure of permutations in 
2!)2„(231). It is easy to see inductively that any vr G S)2„(231) has n cycles, each of which 
contains exactly one odd entry and is of the form {2k — 1) or {21, 21 — 2, ... , 2k, 2k — 1) 
for some < < / < n. Clearly, the above cycle must be followed by / — A; fixed points 
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{2i — 1), k + 1 < i < I. Thus, there is a natural bijection between permutations 2)2n(231) 
with n — k fixed points and weak ^-compositions of n (of which there are (^Z^))? where each 
cycle [21, 21 — 2, ... , 2k, 2k — 1) with < / is mapped onto a part of size I — k + 1 (and fixed 
points are "forgotten"). 

D|(231) 3 21835476 = (21)(8643)(5)(7) ^4 = 1 + 3 
4 = 1 + 3 ^^ + 3 + + ^ (21)(8643)(5)(7) G D8(231). 

1 3 

Theorem 2.3 |D^„(321)| = 1 forn>0. 

Proof. We shall see that 2)^(321) = {(2, 1, 4, 3, ... , 2n, 2n - 1)}. Indeed, if tt G S)^„(321) 
and 2 = ■n{i) for some i > 1, then Ti{i + 1) = 1, so 7r(? — 1) > 2. Then the subsequence 
(7r(i — 1), 7r(?), Tx{i + \)) = (7r(i — 1), 2, 1) of tt is an occurrence of pattern 321. Hence, 7r(l) = 2, 
so 7r = (2, 1, tt' + 2) for some n' G 2)2n-2(321), and the theorem follows by induction. □ 

Theorem 2.4 |S)^„(312)| = 1 forn>0. 

Proof. We shall see that 2)L(312) = {(2, 1, 4, 3, ... , 2n, 2n - 1)}. Indeed, if vr G S)^„(312) 
and 7r(l) > 2, then 2 = 7r(2i) for some i > 2, since 7r(2) = 1. Then the subsequence 
(7r(l), vr(2), 7r(2i)) = (vr(l), 1, 2) of vr is an occurrence of pattern 312. Therefore, 7r(l) = 2, so 
TT = (2, 1, vr' + 2) for some vr' G D2„_2(312), and the theorem follows by induction. □ 

Theorem 2.5 |S)^„(123)| =Aforn>3. 

Proof Note that D^(123) = {436215,562143,563421,564213}. If n > 4 and vr G 2)^„(123), 
then the subsequence of vr on letters 1,2,..., 6 belongs to Dg(123). Therefore, vr cannot 
end on 2n — 1, so 2?2 — 1 is followed by 2n in vr, and hence vr = {2n — 1,2?2, vr') for any 
vr' G D2„_2(123). This proves the theorem. □ 

Similarly, we can prove that DL(123) = 2)^(213) = forn > 3, and DL(132) = for 
n>2. 

There is at most one Dumont permutation avoiding a given pair of 3-letter patterns 
simultaneously (except \'Dl^{123, 132) | = 2). The following results are proved the same way 
as Theorems 12.31 and 12.41 

{(2n, 2n - 2, . . . , 4, 2, 1, 3, . . . , 2n - 3, 2r2 - 1)} 
{(. . . , 2n - 3, 2n - 2, 4, 3, 2n - 1, 2n, 2, 1)} 
{(3,5,...,2n-l,2n,...,6,4,2,l)} 
{(2n-l,2n,...,5,6,3,4,2,l)} 
{(2,l,4,3,...,2n,2n-l)} 
for n> 2. 

3 Dumont permutations avoiding 4-letter patterns 

When considering sets Gn{T) of permutations avoiding a given set of patterns T, the first 
nontrivial cases arise when T is a single 3-letter permutation [HI E] • In our case, the first 



Theorem 2.6 D^„(132, 231) = 

DL(132,312) = 
DL(213,312) = 
DL(123,213) = DL(132,213) = 
DL(231,321) = DL(231,312) = 
D^J213,231) = 
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nontrivial restrictions by Dumont permutations are by singletons in D\ = {2143, 3421, 4213} 
and 2)4 = {2143,3142,4132}. We were able to solve one of these six cases. 

3.1 Avoiding a single pattern 

Theorem 3.1 |S)|„(3142)| = C„ for n>0. 

Proof. Let vr G 1D2n(3142). Then tt{2) = 1. Consider two cases based on parity of 7r(l). 
Suppose that 7r(l) = 2k — 1 for some 1 < k < n, then 7r(2A; — 1) > 2A; — 1. If 7r(z) < 2A; — 1 
for some z > 2A; — 1, then (vr(l), vr(2), Tr{2k — 1), 7r{i)) is an occurrence of pattern 3142 in vr. 
Therefore, 2 < 7r(i) < 2A; - 2 only if 3 < i < 2A; - 2, i.e. all entries in {2, 3, 4 . . . , 2A; - 2} 
must occupy positions in {3, 4, . . . , 2A; — 2}, which is impossible. 

Hence, we must have 7r(l) = 2k for some 1 < k < n. Since 7r{2k + 1) > 2k, it follows, 
as before, that 2 < 7r(i) < 2k ~ 1 only if 3 < i < 2k, i.e. all entries in {2, 3, . . . , 2A; — 1} 
must occupy positions in {3, 4, ... , 2k}. In other words, vr = {2k, 1, tti + 1, + 2k), where 
TTi is a certain permutation of [2k — 2] = {1,2, ...,2A; — 2} avoiding pattern 3142, and 
112 G D2„_2fc(3142). Furthermore, since tti + 1 is a segment of vr G S)2„(3142) starting at 
position 3, it is easy to see that tti G 'E'|;._2(3142), so tt' = (r o c)(7ri) G S)2fc_2(3142) since 
(r o c)(3142) = 3142. Thus, vr G D|„(3142) if and only if vr = {2k, 1, (r o c)(7r') + + 2k) 
for some k = l,2,...,n, and any n' G Dl,^_2{3U2) and tt" G S)|„_2fc(3142). If we let 
(^n = |SL(3142)|, then ao = 1 and a„ = XlLi o-fc-iO-n-fc for n > 1, so a„ = C„. □ 

In fact, from the above proof, it is easy to see that any tt G DI^{31A2) has the form 

n = {m, + |vri|, 773 + |7r2| + |7ri|, . . . , vr^ + |7r„„i| H h |7ri|) 

for some weak m-composition n = ni+n2 + - ■ ■+nm (i-e. allnj > 0), and tTj G S}2ni(3142) {i = 
1,2, ... ,m) is of the form 

TT, = (2n,, 1, (r o c)(7r0), vr^ G D2„,-2(3142). 

Furthermore, (2ni, 2(ni + n2), 2(ni + n2 + n3), . . . , 2n) is the sequence of left-to-right maxima 
of 71. A natural bijective map from 2)2^(3142) to Dyck paths of 2n steps can be derived 
recursively from the above decomposition, where left-to-right maxima of vr (see above) are 
mapped to the steps leaving the x-axis, and entries immediately following them are mapped 
to the steps returning to the 

Since 321 is a subpattern of 4132, any 321-avoiding permutation also avoids 4132. It is 
easy to see that D2„(321) consists of all permutations in D^^^ in which both the subsequence 
of entries in even positions and the subsequence of entries in odd positions are increasing. It 
seems, although we are currently unable to prove it^, that S!)2„(4132) also consists of these 
permutations only; in other words, |S)2„(4132)| = |D^„(321)| = C„. 

Conjecture 3.2 |S)2„(4132)| = for n>0. 

So far, we were unable to determine other cardinalities with single pattern restrictions. 
The following lemma gives a relationship between two such patterns, 4213 and 1342 = 
c(4213). 

^This result has now been proved in 
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Lemma 3.3 IfA{x) and B{x) are ordinary generating functions for \Dl^{4213)\ and \D\^{1342)\ , 
respectively, then 



A{x) 



1 



xBix) 



Proof. Let vr G If n > 0, then tt = (tti, 2, l,7r2) for some tti < 7r2. Moreover, it 

easy to see that |7ri| + |7r2| = 2?2 - 2, tti - 2 G 1)^(4213) so tt' = IttiI + 3 — VTi G 5)^(1342), 
and tt" = vTs - IvTil G 2)^(4213). It follows that 



A{x) 



which implies the lemma. □ 
Among single 4-letter Dumont permutations of either kind, only 3142 and 4132 appear 
to be !D^-Wilf-equivalent. It is easy to see that 2143 is not S)^-Wilf-equivalent to 3142, and 
as the following table shows, no two of the patterns in T>\ are 2}^-Wilf-equivalent. 



n 



|S?L(3421)| 
|SL(2143)| 
|SL(4213)| 






1 


2 


3 


4 


5 


1 


1 


2 


7 


36 


241 


1 


1 


2 


7 


36 


239 


1 


1 


2 


6 


25 


135 



3.2 Avoiding a pair of patterns 

Theorem 3.4 |Di„(1342, 1423) | = s„+i forn> 0. 

Here s„ is the nth little Schroder number [TUl A001003], given by s„+i = — s„+2 X]fc=i ^k^n-k 
(n > 2), si = 1, and the generating function s{x) = Yl'^=i ^nX'^ = (l + x — Vl — 6x + x^) /4. 
Proo/. If TT G I)2„(1342, 1423), then vr can be of two types: 

• TT = (tti, 2r2 — 1, 2n, 712) with tti = or tti > 7r2 7^ (otherwise tt contains 1342); or, 

• TT = (tti, 2n, 7i2,2n — 1) with tti > 7r2 or tti = or 7r2 = (otherwise tt contains 1423). 

In either case, if vti 7^ 0, then the minimum entry of tti is odd. Hence, the maximum entry 
of 712 is even, whether or not tti is nonempty. For vr of either type, the entries 2?t, — 1 and 2n 
cannot be part of any occurrence of 1342 or 1423, so tt avoids 1342 and 1423 if and only if 
both TTi and tt2 avoid 1342 and 1423. Thus, tt G D^„(1342, 1423) if and only if 

• TT = (tt' + 2k, 2n - 1, 2n, vr") for 1 < A; < n - 1, tt' G S)^„_2fc-2(1342, 1423), 
tt" G 2)1^(1342,1423); or, 

• TT = (tt' + 2k, 2n, vr", 2n - 1) for < A; < n - 1, vr' G D^„_2fc_2(1342, 1423), 
tt" G D^fc (1342, 1423). 

Therefore, for a„ = |!D2„(1342, 1423)|, we have = 1 and a„ = — a„_i + 2 afca„_i_A:, 
so {an} satisfies the same recurrence relation as and hence, a„ = Sn+i- □ 

Theorem 3.5 |D^„(2341, 2413)| = Sn+i forn> 0. 
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Proof. The proof is very similar to that of Theorem I^Hl We get that tt e 2)^^(2341, 2413) if 
and only if 

• TT = (tt', 2n - 1, 2n, vr" + 2A;) for < A; < n - 2, vr' G 1)1^(2341, 2413), 

^"eDL-2fc-2(2341,2413);or, 

• TT = (tt', 2n, n" + 2k,2n - 1) ior < k < n - 1, n' G 1)^^(2341, 2413), 
^"eDL-2fc-2(2341,2413), 

Hence, the same recursive relation obtains, and the theorem follows. □ 
Theorem 3.6 |D^„(1342, 2413)| = s„+i forn> 0. 

Proof. Again, the proof is very similar to that of Theorem 13 .41 We have tt G 'Dl^{1342, 2413) 
if and only if 

• vr = (tt' + 2A;,2n - l,2n,7r") for 1 < A; < n - 1, tt' G S)^„_2fc-2(1342, 2413), n" G 
2)1^(1342,2413); or, 

• TT = (tt', 2n, 7r"+2k, 2n-l) for < A; < n-1, n' G 1)^^(1342, 2413), n" G S)^„_2fe-2(1342, 2413). 
Hence, the same recursive relation obtains, and the theorem follows. □ 

Theorem 3.7 |DL(2341, 1423)| = ^ ((^)" - (^)") = (^)"] > 
1, where [a] is the integer closest to a. 

Note that this sequence is pTlj A007482], shifted right by one position. In other words, 
a„ = |S!)2„(2341, 1423) | is the number of subsets of [2n — 2] = {1, 2, . . . , 2n — 2} where each 
odd element m has an even neighbor (m — 1 or m + 1). We also have Oq = 1, ai = 1, 02 = 3, 
and a„ = 3a„_i + 2a„_2 for n > 3. 

Proof As before, we have vr G 2D2„(2341, 1423) only if 

1. TT = (tt', 2n - 1, 2n, vr" + 2A;) for < A; < n - 2, tt' G 2)^^(2341, 1423), 
^"eDL-2fc-2(2341,1423);or, 

2. 71= (tt' + 2A;, 2n, vr", 2n - 1) for < A; < n - 1, vr' G D^„_2fc-2(2341, 1423), 
vr" G 2)^;t(2341,1423). 

However, now the entries 2n — 1 and 2n may be part of an occurrence of a pattern 1423 
(in case 1) or a pattern 2341 (in case 2). In fact, it is easy to see that for n > 3 we 
must have k G {0,n — 2} in case 1, and k G {0,n — 2,n — 1} in case 2. In other words, 
71 G S}2n (2341, 1423) if and only if one of the following holds: 

1. 71 = {2n - 1, 2n, tt') for any vr' G 2)^„„2(2341, 1423). 

2. 71= (vr', 2n - 1, 2n, 2n - 2, 2n - 3) for any vr' G 2)^„_4(2341, 1423). 

3. TT = (2r2, tt', 2n - 1) for any vr' G 2)^„_2(2341, 1423). 

4. TT = (vr', 2n, 2n - 1) for any tt' G 2)^„_2(2341, 1423). 
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5. TT = (2n -2,2n- 3, 2n, vr', 2n - 1) for any tt' G D^„_4(2341, 1423). 
Therefore, = 3a„_i + 2a„_2 for > 3, and the theorem follows. □ 

Theorem 3.8 2)^(231, 4213) = {(2, 1, 4, 3, ... , 2n, 2n - 1)} /orn > 1. 

Proof. For n = 1, the resuh is obvious. Let n > 2 and vr G 2'2n(231, 4213). If 7r(2n) ^2n-l, 
then TT contains a segment {2n — 1, 2?7,, j) for some j < 2r2 — 1, which is an instance of pattern 
231. Hence, 7r(2n) = 2n — 1. Now suppose that TT{2n — 1)^ 2n. If 2n — 2 occurs between 2n 
and 2n — 1, then 2n — 2 must be followed by some j < 2n — 2, so {2n, 2n — 2, j, 2n — 1) is an 
instance of pattern 4213. Therefore, 2n — 2 occurs before 2n, so 2n must be followed by some 
j < 2n ~ 2, and hence {2n — 2, 2n,j) is an instance of pattern 231. Thus, 7i{2n — 1) = 2n, 
in other words, vr = (tt', 2n, 2n — 1) for some vr' G S)^„_2(231,4213). The rest is obvious. □ 

Theorem 3.9 |S)^„(1342, 4213)| = 2"-^ forn>l. 

Proof. Let n G S)^„(1342, 4213), then vr = (711,2,1,712), so tti < 713 if both 7ri,7r2 ^ 0. 
Hence, the largest letter in tti is even (since it must be followed by a descent) and the last 
letter of tti is even (since it is followed by 2). Also, 7r2 must avoid 231 since (2, 1, 712) avoids 
1342. Therefore, 7r = (7r' + 2,2, l,7r" + 2k) for some n' G Vlj^_^{13A2,A213) (which means 
c{tt') G D^^_2(1342,4213)) and tt" G S)^„_2fc(231, 4213). Hence, either w" = 0, in which 
case Tc = {2n + 1 — c(7f),2,l) for some tt G D2„_2(1342, 4213), or 7r" 7^ 0, in which case 
TT = (tt, 2n, 2n — 1) for some tt G 2)2„_2(1342, 4213). The rest is obvious. □ 

Notation 3.10 For the remaining part we will define C{x) = ^-2x^' ordinary gener- 
ating function for the sequence of Catalan numbers. 

Theorem 3.11 The ordinary generating function for |S}2n(2413, 3142)| (n > 0) is given by 

Fix) - 3- v^^^S^ _ \n 1^ 2(1 + 3:) \ _ 1 + 2xC{2x) _ 1 

2(1 + x) ~3 V 9 )~ l + x ~ l-xC{2xy 

so 

n n-l _ 7, / \ l.\ 

|2)L(2413, 3142) | = (-1)" + (-l)"-^2'=C,_i = E ^ + '^"=0 

fc=l fe=0 ^ ^ 

is i/ie convolution of ballot numbers and powers of 2. 

Note also that 3142 = c(2413), and that |D^„(2413, 3142)| = C(2;ra), the generalized 
Catalan number [El A064062]. 

Proof. Let 7r G I)2„(2413, 3142) (n > 1), and suppose that 7r(2r;.) = = 2A; - 1 for some 
1 < k < n. Consider a subsequence (a, 6, c, d) of 7r. \{ a < d, h > d and c < d, then a < c 
since 7r avoids 2413. Similarly, if a > d, b < d and c > d, then a > c since 7r avoids 3142. 
Therefore, 

7r = (..., 7r6, 7r5, 7r4, TTg, 7r2, 2k - 2, 7ri, 2A; - 1), 

where 2A; — 1 > 7ri > 7r3 > 7r5 > . . . and 2k — 2 < 112 < ir^ < ttq < . . . . Also, 7ri and 7r2 may 
be empty, and while each Hi for i > 3 must be nonempty, the sequence (. . . , hq, n^, 114^, n^) 
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may be empty. Note that, if i is odd (resp. even), then each nonempty vTj is followed by 
ascent (resp. descent), hence must end on an odd (resp. even) number. Note also that the 
minima of all nonempty 7121-1 must be odd, while the maxima of all nonempty 7i2i must be 
even. Therefore, vrsi-i G D^(2413, 3142) for all i > 1, whereas vrai G P^(2413, 3142), i.e. 
c{TT2i) e 1)^(2413, 3142), for all i > 1. Finally, the sum of the sizes of all vTi's is 2n - 2. 

Conversely, note that any permutation vr constructed as above belongs to S52n(2413, 3142). 

Let a„ = |S52n(2413, 3142)1, and let F{x) = J2'^=o^nX^ be the ordinary generating func- 
tion for {a„}, then the recursive structure of permutations in D2„(2413, 3142) described 
above implies that 

or, equivalently, 

(x+l)F(x)2-3F(x) + 2 = 0. 
This implies the theorem. □ 

Theorem 3.12 The ordinary generating function for |S}2n(1423, 4132)| (n>0) is given by 

2-(l + x)C(x) l-3x-(l + a;)Vl-4x 



G{x) 



2 - X - (1 + x)C(x) 1 - 32; - 2a;2 - (1 + x)y/l - Ax' 



Theorem 3.13 We have |2)^„(2413, 4132)| = |Di„(1423, 3142)| forn>0 (i.e. (2413,4132) 
and (1423,3142) = (c(4132), c(2413)) are D^-Wilf- equivalent), and the ordinary generating 
function for each sequence is given by 



1 + xC{x) — a/1 — xC{x) — 5x 
" 2x{l + Cix)) ■ 

There are many directions in which to proceed further. We will only mention several. 

One such direction is to complete the investigation of single forbidden patterns in D\ and 
Dl i.e. to find |S)^„(r)| for r = 2143,3421,4213 and |DL(^)I for r = 2143,4132. Another 
is to combine the forbidden patterns of Section El with additional restrictions as in [7j. Yet 
another is to find the complete distribution for the number of occurrences of these patterns 
possibly combined with other restrictions, or to find equidistributed statistics on some of 
these restricted sets. Finally, the restrictions that define may be generalized to strings 
with repeated letters. It remains to be seen if a generalization to words is possible for S)^. 
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